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The inhomogeneous electron liquid created through Coulomb confinement by
a single-centre potential energy �Ze2/r remains central to the fundamental 1/Z
expansion: a pillar of analytic atomic theory. Therefore, some recent progress in
this area of non-relativistic quantum mechanics is first discussed, the main focus
being the Feynman propagator. The closely related Slater sum is also treated,
differential equations being cited in both three and two dimensions. The effect of
interparticle interactions on the density of the electron liquids will next be
considered in two areas: (i) for models of He-like atomic ions with nuclear charge
Ze where analytic ground state electron densities can be obtained, as well as the
exact differential equations they satisfy, and (ii) fine-tuning of Hartree–Fock
densities for four spherical atoms, Be, Ne, Mg and Ar. In (ii), a semi-empirical
framework is now available in which the experimental ionisation potential
replaces that of Koopmans. Densities having almost QMC quality are thereby
available. Finally, the inhomogeneous electron liquids in short linear chains of
H nuclei stabilised by one electron plus an intense magnetic field along the chain
axis will be treated, fields considered being as found at the surfaces of some
neutron stars.

Keywords: inhomogeneous electron liquids; Coulomb confinement; interparticle
repulsions

1. Background and outline

A pillar of atomic theory built on Schrödinger’s equation is the so-called 1/Z expansion
(see also Appendix A). Here, the leading term is purely hydrogenic in character and it,
therefore, continues to be of considerable significance to obtain compact analytical
expressions for fundamental quantum mechanical properties connected to the inhomo-
geneous electron density.

Therefore, in the present article, Section 2 is concerned with analysis on three such
basic quantities, namely, the off-diagonal Feynman propagator (Equation (1)), the
corresponding Green function, and the so-called Slater sum defined, for example, in
Equation (11).

*Email: giuseppe.angilella@ct.infn.it

ISSN 0031–9104 print/ISSN 1029–0451 online

� 2009 Taylor & Francis

DOI: 10.1080/00319100802436489

http://www.informaworld.com

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
3
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



Following this discussion of properties of the bare Coulomb potential energy, Section 3

is devoted to the effect of electron–electron interaction on solvable two-electron atomic

models, the primary focus being on ground-state electron densities given such model

non-relativistic Hamiltonians.
To this point, all considerations are from first principles. But Section 4 then sets out

a semiempirical route to fine-tune Hartree–Fock (HF) ground-state electron densities, the

experimental ionisation potential being inserted. Examples are cited for some spherical

atoms such as Ne and Mg.
Section 5 then effects some generalisations of the above treatment of atoms to the

chain-like molecular ions Hþ2 , H
2þ
3 and H3þ

4 with and without applied magnetic fields

along the internuclear axes. Again, analytic progress proves possible. Finally Section 6

constitutes a summary, plus some suggestions for future studies which should prove

fruitful.

2. Off-diagonal Feynman propagator, Green function and Slater sum for the bare

Coulomb potential energy ZZe2/r

Here we shall summarise recent progress on the off-diagonal Feynman propagator and the

associated Green function for a bare Coulomb potential energy �Ze2/r [1]. We define the

Feynman propagator K(r1, r2, t) in terms of Coulomb wave functions  n(r) and

corresponding energies �n as

Kðr1, r2, tÞ ¼
X
n

 nðr1Þ 
�
nðr2Þ expð�i�ntÞ: ð1Þ

With the introduction of the variable �¼ it the propagator has the form of a statistical

mechanical density matrix C(r1, r2,�), where �¼ (kBT )�1, the reciprocal of the thermal

energy.
Howard and March consider the limiting off-diagonal case C(r, 0, �) and write

Cðr, 0, �Þ ¼ ð2��Þ�3=2 expð�r2=2�Þ þOðZÞ; ð2Þ

where the first term on the RHS evidently comes from the free-particle Feynman

propagator, i.e. the limit Z! 0. The term of order Z in Equation (2), say C1, has the

explicit form

C1ðr, 0,�Þ ¼
Z

2
ffiffiffiffiffiffiffiffi
2��
p

exp �r2=2�
� �

r
ierf

irffiffiffiffiffiffi
2�
p

� �� �
: ð3Þ

2.1. Results for Green function

The corresponding Green function G(r, 0,�E), related to C by a Laplace transform,

LCðr, 0,�Þ ¼ Gðr, 0,�EÞ, ð4Þ

is readily shown to satisfy the integral equation

Gðr, 0,�EÞ ¼
exp � 2Ef gð1=2Þr

� �
r

þ

Z
exp � 2Ef gð1=2Þr

� �
r� r1j j

r� r1j j

Z

r1
Gðr1, 0,�EÞdr1: ð5Þ
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This integral equation must have as its solution, but unfortunately in integral form only

to date:

Gðr, 0,�EÞ ¼
�ik2

16�

Z 1
0

ds expðiZsÞcosech2ðksÞ exp
ik

2
r cothðksÞ

	 

J0ð0Þ, ð6Þ

which is equivalent to the various known integral expressions of the Green function for the

H atom (e.g. a simple change of variable brings it to the result given by Dura and Kleinert

[2]. Obviously, expanding exp(iZs) in Equation (6) to O(Z ), one must regain the closed

analytic form for C1(r, 0,�) given in Equation (3) above.

2.2. Two-dimensional case of V^ZZe2/r

For the potential �Ze2/r but now in 2D, we know the analogue of the first term on the

RHS of Equation (2) for the free-particle limit. It is

C2D
0 r, r0,�ð Þ ¼

1

2��
exp �

r� r0j j
2

2�

 !
ð7Þ

and the corresponding Green function G2D
0 is given in terms of Hankel functions by

G2D
0 r, r0,Eð Þ ¼ �ð2m=�h2Þði=4ÞHð1Þ0 ðkjr� r0jÞ; ð8Þ

where k2¼ 2mE/�h2, and H
ð1Þ
0 is the customary Hankel function [3]. The corresponding

asympotic form for the scattered wave function is readily shown to be, in the 2D case

under discussion:

 kðrÞr!1 ! expðikxÞ þ
2m

�h2
i

k

	 
ð1=2Þ
expðikrÞ

r 12
fkð�Þ, ð9Þ

the last term being the outgoing scattered wave with fk(�) the scattering amplitude.
For Z 6¼ 0, one can write an integral form of the Green function analogous to

Equation (6), and having the off-diagonal integral form [4]

G2D r, 0,Eð Þ ¼
k

4�

Z 1
0

ds expðiZsÞcosechðksÞ exp
1

2
ikr cothðksÞ

� �
ð10Þ

but to the writer’s knowledge this integral can only presently be performed in the

free-particle limit Z! 0, when the Hankel function H
ð1Þ
0 ðkrÞ must be recovered, as in

Equation (8) above.

2.3. Slater sum for Coulomb confinement

The Slater sum, by definition, is the diagonal element of the canonical density matrix

C(r, r0,�), namely

Sðr,�Þ ¼ Cðr, r0,�Þ r0¼r
�� : ð11Þ
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For central field confinement by the Coulomb potential energy V(r):

VðrÞ ¼ �
Ze2

r
, ð12Þ

March and Murray [5] derived for the s-wave only component, S0(r,�) of the above Slater
sum (11) the partial differential Equation [5, Equation (4.77)], in atomic units:

1

8

@3

@r3
ðr2S0Þ �

@2

@r@�
ðr2S0Þ þ

Z

r

@

@r
ðr2S0Þ �

ZS0

2
¼ 0: ð13Þ

If we now introduce into Equation (13) the spatial generalisation of Kato’s theorem [6]

derived by the present author [7], namely,

@S

@r
¼ �2ZS0, ð14Þ

we readily find [8]

1

2r

@

@r
r2
@S

@r

� �
�
1

4

@S

@r
¼

1

8

@3

@r3
ðrS0Þ �

@2

@r@�
ðr2S0Þ: ð15Þ

This Equation (15) evidently relates the total Slater sum S for the potential (12) to its

s-state only component S0. The electron density n(r,E) is related to S(r,�) by Laplace

transform inversion [5].

2.4. Two-dimensional Slater sum for Coulomb confinement

As a starting point let us consider the Slater sum S(r,�) in two dimensions. We will work

by analogy with the 3D case, for which the partial differential equation for the Slater sum

was obtained independently by Cooper [9] and by Pfalzner, et al. [10]. The result is

1

8
S000 þ

S00

2r
þ

S0

4r2
� Vþ

@

@�

� �
S0 þ

1

2
V0S ¼ 0: ð16Þ

This equation is solved by the �!1 form of S(r,�) for the 3D Coulomb potential, apart

from a multiplying constant which does not affect the linear, homogeneous Equation (16).

2.4.1. Differential equation for bound-state Slater sum S(r,�) for potential V¼�Ze2/r

in two dimensions

We expect for slow spatial variations the Lehmann–March limiting result [11]

� VðrÞ þ
@

@�

� �
S0 � 1�

D

2

� �
@V

@r
S ¼ 0 ð17Þ

in D dimensions. The 3D result in Equation (11) above includes Equation (17), but

additionally the terms

1

8
S 000 þ

1

2r
S00 þ

1

4r2
S 0

for the Coulomb case.
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For the D-dimensional harmonic oscillator, Howard and March [12] write

�h2

8m

@

@r
ðr2S Þ � VðrÞ þ

@

@�

� �
S0 � 1�

D

2

� �
@V

@r
S ¼ 0, ð18Þ

which includes Equation (17) but @
@r ðr

2S Þ does not appear in that equation. In two

dimensions we have

@

@r
r2S ¼

@

@r
S00 þ

1

r
S0

� �
¼ S000 þ

1

r
S00 �

1

r2
S 0, ð19Þ

which would be there in the 2D special case of Equation (18). Hence, for the 2D Coulomb

field, we propose the differential equation for the Slater sum S(r,�), in atomic units, as

1

8
S000 þ

1

r
S00 �

1

r2
S0

� �
� VðrÞ þ

@

@�

� �
S0 � 1�

D

2

� �
@V

@r
S ¼ 0: ð20Þ

So far, no closed analytic solution of this Equation (20) exists. Again, the electron density

n(r,E) is related to S(r,�) [5].

3. Solvable two-electron He-like models for ground-state electron densities

Having dealt with some properties of the bare Coulomb potential, we turn now to the role

of interelectronic repulsion. The natural starting point is then that of two-electron He-like

models, of which we shall single out three areas in which recent progress has proved

possible.

3.1. Chandrasekhar three-parameter ground-state wave function for He-like atomic ions

We start with the Chandrasekhar (Ch) wave function [14] for the ground-state of He-like

atomic ions. This has the explicit spatial form �(r1, r2) given by

�ðr1, r2Þ ¼ N ½1þ cr12� expð�ar1 � br2 þ expð�br1 � ar2Þ½ �: ð21Þ

Here N is a normalisation factor while a, b and c are the three parameters which Ch

proposed to determine variationally. Later work by Howard and March [15] gave a table

of a, b and c for Z from 2 to 10 obtained by a non-variational procedure. Table 1

summarises their results from Z¼ 1 to 3, and for larger Z a and b vary remarkably linearly

with atomic number Z, while for Z4 3, c is almost constant. As shown by Howard et al.

[13], this wave-function (21) has the considerable merit that the ground-state electron

density,

�ðrÞ ¼ 2

Z
�2ðr, r2Þdr2, ð22Þ

can be obtained analytically (see Equation (3) in [13]).
The Hamiltonian for which � of Ch is the exact ground eigenstate can be shown to be

of the form

HCh ¼
��h2

2m
r2
1 þ r

2
2

� 

�
Ze2

r1
�
Ze2

r2
þ uðr1, r2Þ: ð23Þ
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While for He itself u¼ e2/jr1�r2j, for the Ch wave function u is not simply a function of

jr1�r2j, the explicit form being given in [16].

3.2. Schwartz density of He-like atomic ions in (non-relativistic) limit

Let us begin by discussing analytically the long-range asymptotic behaviour of the ground-

state electron density in the (non-relativistic) series of He-like ions as a function of atomic

number Z.
Going back at very least to the work of Hoffmann-Ostenhof and Hoffmann-Ostenhin

[17], it has been known that, using atomic units, the ground-state density of rare gas atoms

with spherical electron density �(r) decays at sufficiently large r as

�ðrÞ � Arn expð�2 2If gð1=2ÞrÞ : r!1, ð24Þ

where I denotes the ionisation potential.
Furthermore, in the early work of Schwartz [18] it was found that in the

(still non-relativistic) limit of large Z,

�ðrÞ ¼
2Z3

�
1þ

2

Z
�ðrÞ

� �
expð�2ZrÞ, ð25Þ

where �(r) was obtained explicitly. Subsequently March and Pucci [19] utilised

Equation (25) with the Schwartz analytic form of �(r) to show that, again for Z

sufficiently large, ð2IÞð1=2Þ � Z� 5=8. In Equation (24), n��(3/4)Z�1 and A¼ (2Z3/�)
[1�(3/4Z ) log ZþO(Z�1)].

3.3. Modified s-wave model of He atom with ultrastrong radial correlation

In an earlier study, Howard and March [20] (referred to as HM below) proposed an

analytic ground-state electron density �(r) starting from the s-wave model of He going

back at least to Temkin [21]. Subsequently Ancarani [22] has constructed, but by purely

numerical procedures, a variational approach for this s-wave model, which yields

a lower energy than the HM result. This clearly means, as Ancarani [22], and somewhat

Table 1. Howard–March non-variational
estimates of parameters a, b and c in
Chandrasekhar wave function �(r1, r2)
given in Equation (21) for He-like atomic
ions, in range of atomic number Z.

Z 1 2 3

a 0.478 1.436 2.362
b 1.075 2.208 3.299
c 0.3121 0.2924 0.2770

Note: a and b vary almost linearly with Z,
while c becomes largely independent of Z
after Z� 5 (after Howard and March [13]).
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earlier Serra [23] recognised, that the HM analytic �(r) is not the ground-state electron

density of the He s-wave model.
This situation has led Amovilli et al. [24] to derive an exact non-relativistic

Hamiltonian, with strong radial correlation plus Coulomb confinement, for which the

HM �(r) is the exact ground-state density.
The HM wavefunction is readily expressed as

�ðr4, r5Þ ¼ C exp½�ðZ� 1Þr4� Zr5�, ð26Þ

where r4¼ (r1þ r2þ jr1� r2j)/2 and r5¼ (r1þ r2�jr1� r2j)/2. The point to be emphasised

at this stage is that this ground-state wave function (26) has a discontinuity in its derivative

at r1¼ r2. Therefore, Amovilli et al. [24] have, considering this discontinuity, shown that

the HM wave function (26) is the exact ground-state wave function of the ‘modified s-wave
(ms)’ Hamiltonian defined by

Hms ¼ �
1

2
r2
1 �

Z

r1
�
1

2
r2
2 �

Z

r2
þ

1

r4
þ �ðr1 � r2Þ, ð27Þ

the modification of the original He-like s-wave model being due to the presence of the

� function in Hms. This model Hamiltonian, of interest in its own right since both density

�(r) and its off-diagonal generalisation to the correlated first-order density matrix [16] are

known, is also of potential significance in the search for a Schrödinger-like equation for

the pair density amplitude [25], as stressed by Amovilli et al. [16].
As a two-electron wave function dependent only on r1 and r2, the HM form (26)

satisfies automatically the angular momentum requirements ‘1¼ ‘2¼L¼ 0.
Let us stress here that the exact Hamiltonian Hms in Equation (27) has Coulomb

confinement plus kinetic energy operators exactly as in the He-like atomic ions, but differs

because the real electron–electron repulsion potential energy e2/r12 has been replaced by

the ultrastrong but purely radial correlation given explicitly by the final two terms of

Equation (27). The second point of specific interest in the present context is that the

density �(r) of HM is known [20] to satisfy the exact differential equation

ða0 þ a1rþ a2r
2Þ�00 þ ðb0 þ b1rþ b2r

2Þ�0 þ ðc0 þ c1rþ c2r
2Þ� ¼ 0 ð28Þ

with coefficients given in Table 2 of Howard and March [20]. Moreover, the entanglement

of the HM wave function (26) is demonstrated directly from the one-particle density

matrix 	 satisfying 	25 	 obtained subsequently by Amovilli and March [24].

Table 2. Comparison of experimental ionisation
potentials (in a.u.) with Koopmans approximate
values of Be, Ne, Mg and Ar neutral atoms.

Atom Z IK Iexp t INR

Ne 10 0.8504 0.7925 0.7945
Ar 18 0.5910 0.5792 0.5822
Be 4 0.3093 0.3426 0.3443
Mg 12 0.2531 0.2810 0.2807

Note: Table constructed from data by Cordero
et al. [27]. INR shows small relativistic ‘corrections’
made to Iexp t.
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In view of the present intractability of the He atom ground-state wave function from
the point of view of exact analytic theory, it would be of considerable interest if
generalisations of the modified s-wave Hamiltonian (27) exhibited here for Coulomb
confinement could be found for other interparticle interactions. For the simpler case of
harmonic confinement, Holas et al. [26] have already presented a quite general integral for
the inhomogeneous density �(r) and its off-diagonal form 	(r1, r2) for a model two-electron
atom with arbitrary inter-Fermion repulsion u(r12).

4. Fine tuning of HF ground-state electron densities, with experimental ionisation

potential inserted

In this section, we will briefly summarise recent progress on ground-state electron densities
of some light spherical atoms such as Ne and Mg [27]. Starting from a modification of HF
theory, it emerges that electron densities approaching quantum Monte Carlo (QMC)
quality can be obtained: by inserting one piece of empirical data, namely, the experimental
ionisation potential (when corrected for small relativistic effects).

Following the approach of Cordero et al. [27], one makes two changes in the
conventional HF theory for neutral atoms. Firstly, one allows the (integral) nuclear charge
Ze to become non-integral, say Z0e. Secondly, the Kato electron-nuclear cusp condition is
to be imposed by means of a scaling parameter, 
, of the form

�
ðrÞ ¼ 

3�ð
rÞ, ð29Þ

where for the neutral atoms under consideration:Z
�ðrÞdr ¼ Z: ð30Þ

Always, Equation (29) and (30) ensure that the number of electrons in the ‘fine-tuned’ HF
density �
(r) is equal to Z for any choice of the scaling factor 
.

We anticipate the results [27] to be summarised below by saying that the high quality
of atomic HF ground-state electron densities, already known to Møller and Plesset [28]
in their pioneering studies, is evident since the non-integral Z0 turns out to be very near to
Z and 
 proves to be near to unity.

4.1. Results for some light neutral atoms

Table 2 records first of all the HF ionisation potential IK, where K denotes the Koopmans
value, compared with the experimental value, plus its slightly changed value when
corrected for relativity. Taking the latter point first, the last two columns are seen to differ
only in the third decimal place for these four light neutral atoms.

Of course, the change from the Koopmans ionisation potential IK to the empirical
value INR is significant, and corrects the asymptotic large r behaviour of the ground-state
electron density appropriately. The densities of Ne and Ar are seen then from Table 2 to
fall off somewhat less rapidly at large r than their HF counterparts, whereas the opposite
situation obtains for the (also spherical) atoms Be and Mg.

Table 3 shows the key parameters Z0 and 
 in the fine-tuning procedure for HF
ground-state densities. The table makes it clear that the HF solutions obtained by
numerical integration of radial Schrödinger equations, without, therefore, any appeal to
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basis sets, are for (slightly) negative ions for Ne and Ar, and that the cases of Be and Mg

correspond to weakly positive ions.
Tables in [27] demonstrate in some detail that it turns out by direct comparison of

various averages with QMC data available in the literature that the fine-tuning of HF

electron densities by the method of [27] is leading to results of QMC quality for these

inhomogeneous electron liquids.

5. Inhomogeneous electron liquids in the molecular ions HY2 , H
2Y
3 and H3Y

4 with and

without applied magnetic fields

So far we have been concerned with one-centre Coulomb confinement. In this section we

turn to summarise some analytic progress that proves possible for three hydrogen

molecular ions. It is then natural to start with the simplest case Hþ2 , with and without an

applied magnetic field.

5.1. HY2 in zero magnetic field

In Section 2.3, we have utilised for the one-centre Coulomb field and for closed shells, the

spatial generalisation of Kato’s theorem which allows the ground-state density �(r) [7] to
be expressed quite explicitly in terms of the s-state density �s(r), plus the charge Ze entering
the Coulomb potential energy �Ze2/r:

�ðrÞ ¼
2Z

a0

Z 1
r

�sðtÞdt: ð31Þ

The purpose of this short section (see also Appendix B) is to point out, and to briefly

summarise, the result [29] that for the two-centre bare Coulomb field problem appropriate

to the ground-state of the molecular ion Hþ2 the electron density �(r,R), with R the

internuclear separation, is determined solely by the electron density on the plane

perpendicularly bisecting the bond axis.
As shown by Burrau [30] (see also [31]), the ground-state wave function  separates in

dimensionless confocal elliptic coordinates � and � to yield for the Hþ2 molecular ion,

 ð�, �,RÞ ¼ Xð�ÞYð�Þ: ð32Þ

Table 3. Table taken from data by
Cordero et al. [27].

Atom Non-integral Z0 
¼Z/Z0

Ne 9.91 1.0088
Ar 17.98 1.0011
Be 4.13 0.9692
Mg 12.10 0.9921

Note: 
 is a scaling factor appearing
in Equation (29).
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With r1 and r2 measured from protons 1 and 2, respectively, one has the definitions

� ¼
r1 þ r2

R
, � ¼

r1 � r2
R

: ð33Þ

The ordinary differential equations for X(�) and Y(�) are set out in Appendix B.
From Equation (32), it is clear that, on the mirror plane, r1¼ r2¼ r say, and �¼ 0. Thus

the mirror plane density �(�, �¼ 0)� �0(�) is given by

�0ð�Þ ¼  
2ð�, � ¼ 0;RÞ ¼ NðRÞX2ð�ÞY2ð0Þ, ð34Þ

N(R) being the normalisation function. Appendix B sets out the way the mirror plane

density �0(�,R) can be calculated explicitly in practice. We turn therefore next to the Hþ2
ion in a magnetic field.

5.2. HY2 in magnetic field along internuclear axis: some analytic results

In this section we shall consider linear chains of protons, stabilised by a single electron plus

a magnetic field of arbitrary strength jBj �B along the internuclear axis. First, we give the

theory for Hþ2 for arbitrary strength B. Then we deal with H2þ
3 and H3þ

4 in the limit of

extremely strong fields, and summarise some available numerical results on the

inhomogeneous electron densities for these two linear chains.
Returning to Hþ2 , and employing units in which the electronic charge is �1, mass 1 and

�h¼ 1, the Hamiltonian operator Ĥ takes the form [32]

Ĥ ¼
1

2
ð�ir þ A=cÞ2 þ V, ð35Þ

where V is written for the potential energy and one has neglected the interaction between

spin magnetic moment and the field.
For the constant magnetic field being considered, the vector potential A in

Equation (35) is taken to have the form

A ¼
1

2
B� r: ð36Þ

The wave function  of the ground state is usefully written as a product of an electron

density amplitude �1/2 and a phase factor exp(i�).
What is important here is to introduce the current density j, which can be written in the

presence of the magnetic field as

j ¼ �
i

2
ð r � �  �r Þ �

A

c
  � ¼ �r� þ

A

c
�: ð37Þ

Then one obtains for the ground-state energy Eþ(R,B) the result

EþðR,BÞ ¼
Ĥ 

 
¼
ðr�Þ2

8�2
�
r2�

�
þ

j 2

2�2
þ
ir � j

2�
þ V, ð38Þ

this Equation (38) being valid at any arbitrary position r. For stationary wave functions,

corresponding to time-independent electron density �(R,B), the equation of continuity
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then yields the condition div j¼ 0 to be satisfied by the current density vector j. Hence, the

result for the ground-state energy in Equation (38) becomes [32]

EþðR,BÞ ¼
ðr�Þ2

8�2
�
r2�

4�
þ

j2

2�2
þ V, ð39Þ

which is the key result of this discussion of Hþ2 in a magnetic field of arbitrary strength B.

5.3. H2Y
3 and H3Y

4 : linear configurations with B field along the axis: intense field limit

Benguria et al. [33] have proposed a suitable limiting form of the exact Hamiltonian for

such molecular ions which is appropriate in the limit of exceeding high magnetic fields B in

linear configurations of ions such as H2þ
3 and H3þ

4 , stablised by applying the B field along

the internuclear axis.
Amovilli and March [34] used the model Hamiltonian

Ĥm ¼ �
1

2

@2

@x2
þ 
� xþ

b

2

� �
þ 
� x�

b

2

� �
ð40Þ

to study the Feynman propagator of Hþ2 in an intense magnetic field along the x-axis,

coinciding with the molecular axis. The two nuclei were sited at positions �b/2 and b/2,

respectively. In Equation (40) lengths and energies are appropriately scaled.
Amovilli et al. [35] have subsequently studied the electron liquids created by a more

general model potential V(x) than that appearing in Equation (40), to be employed with

n hydrogen nuclei in a linear configuration. Thus, following Equation (40)

VðxÞ ¼ 

Xn
j¼1

�ðx� ajÞ, ð41Þ

where 
¼�1 and aj denote the positions of the nuclei in atomic units and scaled by the

factor L defined by

LðBÞ ¼ 2W

ffiffiffiffiffiffiffiffiffiffiffi
B=B0

p

2

� �
: ð42Þ

In Equation (42) W(z) is the Lambert function, B the strength of the magnetic field while

B0¼ 2.35� 109G. Fields exceeding by orders of magnitude this value of B0 are indeed

found at the surfaces of some neutron stars. The motion perpendicular to and along the

field then become distinct from each other, as they involve energy scaling different by

many orders of magnitude, as discussed in the review by Turbiner and Vieyra [36].
Amovilli and March [34] obtained the canonical density matrix C(x, x 0,�) [37] for

the high field limit of Hþ2 . Their work can be generalised to a linear model of Hðn�1Þþn ,

yielding [35]

Gðx,x0, sÞ ¼

Z 1
0

expð�s�ÞCðx,x0,�Þd�, ð43Þ

which is essentially the one-particle Green function evaluated at E¼�s. For the linear

chain described above, one finds [35]

Gðx, x0, sÞ ¼ G0ðx� x0, sÞ þ
Xn
j¼1

G0ðx� aj, sÞGðaj, x
0, sÞ: ð44Þ
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In Equation (43)

G0ðx� x0, sÞ ¼
1ffiffiffiffiffi
2s
p exp �

ffiffiffiffiffi
2s
p

x� x0
�� ��� �

: ð45Þ

Using this procedure, the density of the inhomogeneous electron liquid can be

calculated for both H2þ
3 and H3þ

4 , and the forms are displayed for a specified B field of

strength �1013 Gaussian parallel to the internuclear axis in Figures 1 and 2.
The above model can also be employed to calculate electronic transitions

between bound states, as well as to obtain ground-state properties such as are displayed

in Figures 1 and 2, but we shall not go into further details here.

6. Summary and future directions

Confinement of one electron in a bare Coulomb field has been treated in (a) one-centre

cases in Section 2 and (b) in multicentre cases in Section 5, the application of an intense

magnetic field along the linear chains of protons treated there stabilising H2þ
3 and H3þ

4 .
Then the effect of electron–electron repulsions on the electron liquids in Coulomb

confined systems has been dealt with in some detail, Section 3 being concerned with

two-electron He-like model atoms from first principles. Section 4 is different in two

respects; namely, it deals with Be, Ne, Mg and Ar neutral atoms by non-relativistic

quantum mechanics, but transcends HF theory by the semi-empirical insertion of

ionisation potentials. Evidence is presented that this fine tuning of HF ground-state

electron densities [27] is leading to results of QMC quality.
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Figure 1. Depicts electronic probability density, in arbitary units for linear molecular ion H2þ
3 in a B

field of strength 4.4� 1013 Gauss along internuclear axis. x denotes coordinates along molecular
axis while 
 measures distance from axis. Lengths are given in atomic units, and nuclei are at
x coordinates �0.11, 0 and 0.11 (redrawn from [35]).
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As to future directions which should prove fruitful, the fine-tuning of HF densities

should be extended to molecules and clusters. However, one problem that immediately
arises is that the work of Cordero et al. [27] avoided the use of basis sets in treating light
spherical atoms, by solving the HF equations numerically. To extend such a procedure to

molecules, a natural starting point would be the ‘almost spherical’ cases like CH4 and
SiH4, using a so-called ‘one-centre’ quantum chemical expansion. Finally, returning to
bare Coulomb confinement, further attempts to find closed analytic solutions of equations
like (19) for the Slater sum should, we believe, prove fruitful, giving further insight into the

inhomogeneous electron liquids thereby created.

Acknowledgements

The writer acknowledges that this work, begun in the University of Antwerp (UA), was brought
to fruition during a visit to ICTP, Trieste, Italy. Thanks are due to Professors D. Van Dyck and
D. Lamoen for making possible the continuing affiliation of NHM with the UA. He was partially
supported by UA through the BOF-NOI. At ICTP, Trieste, Professors V.E. Kravtsov and E. Tosatti
are thanked both for generous hospitality and for the very stimulating environment in which this
study was completed.

References

[1] I.A. Howard and N.H. March, Phys. Rev. A 69, 044703 (2004).

[2] I.H. Duru and H. Kleinert, Fortschr. Phys. 30, 401 (1982).
[3] P.M. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill, New York, 1953).
[4] N.H. March and L.M. Nieto, Phys. Chem. Liq. 45, 295 (2007).

D
en

si
ty

x
σ

−0.4 −0.2
 0

 0.2
 0.4 −0.1

−0.05
 0

 0.05
 0.1

 0

 500

 1000

 1500

 2000

Figure 2. Similar to Figure 1 but now for linear ion H3þ
4 : field strength again 4.4� 1013 Gauss. x and


 as in Figure 1. Nuclei are now at x coordinates �0.225, �0.058, 0.058 and 0.225, measured in
atomic units (redrawn from [35]).

Physics and Chemistry of Liquids 57

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
3
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



[5] N.H. March and A.M. Murray, Phys. Rev. 120, 830 (Reprinted in Ref. [38]) (1960).
[6] T. Kato, Commun. Pure Appl. Math. 10, 151 (1957).
[7] N.H. March, Phys. Rev. A 33, 88 (Reprinted in Ref. [38]) (1986).
[8] N.H. March, L.M. Nieto, C. Amovilli, L.C. Balbas, and M.L. Glasser, J. Math. Phys. 40, 2671

(1999).

[9] I.L. Cooper, Phys. Rev. A 50, 1040 (1994).
[10] S. Pfalzner, H. Lehmann, and N.H. March, J. Math. Chem. 16, 9 (Reprinted in Ref. [38]) (1994).
[11] H. Lehmann and N.H. March, Phys. Chem. Liq. 27, 65 (Reprinted in Ref. [38]) (1994).
[12] I.A. Howard and N.H. March, Phys. Stat. Sol. (b) 237, 265 (Reprinted in Ref. [38]) (2003).

[13] I.A. Howard, F. Bartha, N.H. March, and A. Nagy, Phys. Lett. A 350, 236 (2006).
[14] S. Chandrasekhar, Astrophys. J. 100, 176 (1944).
[15] I.A. Howard and N.H. March, Phys. Lett. A 366, 451 (2007).

[16] C. Amovilli, N.H. March, I.A. Howard, and A. Nagy, Phys. Lett. A 372, 4053 (2008).
[17] M. Hoffmann-Ostenhof and T. Hoffmann-Ostenhof, Phys. Rev. A 16, 1782 (1977).
[18] C. Schwartz, Ann. Phys. (NY) 6, 156 (1959).

[19] N.H. March and R. Pucci, Phys. Lett. A 85, 75 (1981).
[20] I.A. Howard and N.H. March, Phys. Rev. A 71, 04250 (2005).
[21] A. Temkin, Phys. Rev. A 126, 130 (1962).
[22] L.U. Ancarani, J. Phys. B: At. Mol. Opt. Phys. 39, 3309 (2006).

[23] P. Serra, Phys. Rev. A 74, 016501 (2006).
[24] C. Amovilli and N.H. March, Phys. Rev. A 72, 042504 (2005).
[25] A. Nagy and C. Amovilli, J. Chem. Phys. 121, 6640 (2004).

[26] A. Holas, I.A. Howard, and N.H. March, Phys. Lett. A 310, 451 (2003).
[27] N.A. Cordero, N.H. March, and J.A. Alonso, Phys. Rev. A 79, 052502 (2007).
[28] C. Møller and M.S. Plesset, Phys. Rev. 46, 618 (1934).

[29] N.H. March, J.A. Alonso, and J.M. Lopez, Mol. Phys. 79, 1143 (1993).
[30] O. Burrau, Det. Kgl. Danske Vid. Selgkab. 7, 458 (1930).
[31] L. Pauling and E. Bright Wilson, Introduction to Quantum Mechanics with Applications to

Chemistry (McGraw-Hill, New York, 1935).
[32] C. Amovilli and N.H. March, Chem. Phys. 146, 207 (1990).

[33] R.D. Benguria, R. Brunmelhuis, P. Duclos, and S. Peréz-Oyarzún, J. Phys. B 37, 2311 (2004).
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Appendix A: Dirac density matrix for the m-th closed shell generated by a bare Coulomb

field in terms of electron density

The purpose of this appendix is to record the use of the off-diagonal generalisation of the
spatial form of Kato’s theorem obtained by the writer for any arbitrary closed shell generated by
the bare Coulomb potential. For convenience, we take Z¼ 1 and use atomic units throughout
this appendix.
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The Theophilou–March relation [39] reads

	mðr, r
0Þ ¼ �ðx� yÞ�1

@

@x
�
@

@y

� �
xy	ms

x

2
,
y

2

� �
, ð46Þ

where x¼ rþ r0 þ jr� r0j and y¼ rþ r0 � jr� r0j. The s-state matrix for the m-th closed shell can be
written immediately in the factorised form

	msðr, r
0Þ ¼ n1=2ms ðrÞn

1=2
ms ðr

0Þ, ð47Þ

where nms(r) is the s-state density for the m-th closed shell. Hence in Equation (46) a key quantity
appearing on the RHS is given explicitly by

xy	ms
x

2
,
y

2

� �
¼ xn1=2ms

x

2

� �
yn1=2ms

y

2

� �
: ð48Þ

Then it is a purely mathematical matter to show, after some calculation, that the Dirac density
matrix for the m-th closed shell is given by

	mðr, r
0Þ ¼ 	ms

x

2
,
y

2

� �
�

xy

4ðx� yÞ
n1=2ms

y

2

� �
n�1=2ms

x

2

� �
� n1=2ms

x

2

� �
n�1=2ms

y

2

� �
n0ms

y

2

� �h i
: ð49Þ

Employing explicit hydrogenic wavefunctions involving the generalised Laguerre polynomials
one has

n1=2ms

x

2

� �
¼

1

�1=2
m�5=2 exp �

x

2m

� �
Lð1Þm�1

x

m

� �h i
: ð50Þ

Substituting Equation (50) into Equation (49) recovers an explicit result given by Howard et al. [40].
The additional merit of the form (49) is that it expresses the Dirac density matrix 	m(r, r

0) for the
entire m-th closed shell in terms of the s-state electron density only. Using the spatial generalisation
of Kato’s theorem given by the writer, one can relate 	m(r, r

0) via Equation (49) solely to its diagonal
density, i.e.

	mðr, r
0Þ ¼ 	m½nm�: ð51Þ

This is a central aim of current work on density matrix functional theory, and therefore this
aim has been achieved, quite explicitly, for the hydrogenic limit of the 1/Z expansion of atomic
theory [41,42].

Appendix B: Ground-state electron density of HY2 characterised by the mirror-plane

density

As set out in Equation (32) of the main text, the ground-state wave function of Hþ2 in zero magnetic
field is determined by the functions X(�) and Y(�) entering this equation. These functions are the
physically significant solutions of the linear differential equations

d

d�
�2 � 1
� �dX

d�

� �
þ �
�2 þ 2D� þ �
� �

X ¼ 0 ð52Þ

and

d

d�
1� �2
� � dY

d�

� �
þ �
�2 � �
� �

Y ¼ 0: ð53Þ

In Equations (52) and (53), 
 measures the ground-state energy E(R), �¼�(k) is a separation
constant resulting from the substitution of Equation (32) in the Schrödinger equation, while D in
Equation (52) is R in units of the Bohr radius a0.

Physics and Chemistry of Liquids 59

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
3
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



Fortunately, 
 is known to high accuracy from the study of Hylleraas [43] and others as

� ¼
1

3

þ

2

135

2 þ

4

8505

3 � 0:000013
3 � 0:0000028
5 þ � � � : ð54Þ

Solving Equation (52), March et al. [29] plot �0(s/Re) in Equation (34) in their figure, where s is the
perpendicular distance from the bond axis and Re is the equilibrium internuclear separation.

To complete the total ground-state electron density from the mirror plane density alone, the
following steps are then to be taken: (i) Given the mirror plane density amplitude X(�), and although
the physical range of the independent variable is from 1 to 1, Equation (52) allows the analytic
continuation of X(�): suppose that this is accomplished down to �¼�1. (ii) Given (i), Y(�) in
Equation (53) can be determined next in the physical range from �1 to 1. (iii) Then Y(�) in (ii) can be
related to the analytic continuation of the mirror plane amplitude as follows. Viewing Y as Y(�), one
observes that �� 
�2 is common between Equations (52) and (53). Eliminating this quantity between
the two equations then leads to the result

1

Y

d

d�
�2 � 1
� � dY

d�

� �
¼

1

X

d

d�
f�2 � 1g

dX

d�

� �
2D�: ð55Þ

Equation (55) can now be viewed, for Hþ2 , as the parallel relation to that between �(r) and its s-state
component only, �s(r), for the one-centre Coulomb problem. Inserting into the RHS the given
analytic continuation of the mirror plane density amplitude X(�), the integration of Equation (55),
subject, of course, to the appropriate physical boundary conditions, suffices to determine Y(�) in the
physical range �1 to 1. This completes the calculation of the complete electron density �(r) using the
square of the wave function (32).

60 N.H. March

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
3
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1


